In this paper we propose an explicit two-level conservative scheme based on a TE/TM like splitting of the field components in time. Its dispersion properties are adjusted to accelerator problems.
Introduction
In particle accelerators based on radio frequency or laser technology a preferred direction -direction of motion is well defined. The electromagnetic field changes very fast in this direction and it is extremely important to eliminate the numerical dispersion error in the direction of motion for all frequencies. If the numerical dispersion is suppressed then a quite coarse mesh and moderate computational resources can be used to reach accurate results. It was shown, for example, in wakefield calculations by A. Novokhatski [2] and in laser-plasma interaction simulations by A. Pukhov [3] .
The simplest solution is to use the conventional Yee's FDTD scheme with the direction of motion aligned along a grid diagonal. This approach was considered, for example, in [4] . To send the bunch or laser pulse along the grid diagonal is quite inconvenient for numerical realization and increases geometrical errors in approximation of cylindrical accelerator elements parallel to the direction of the motion. Another drawback of this approach is the requirement of an equidistant mesh with the same steps in all directions.
An alternative solution is to develop a scheme without dispersion along an axis. Such methods are described in [2, 3] for two dimensional and in [1, [5] [6] [7] for three dimensional problems. However, all these approaches lose in simplicity, efficiency and memory demands compared with Yee's scheme [8] .
In this paper we present a scheme which competes with Yee's algorithm. The scheme does not have dispersion in the axis direction. It is based on a TE/TM ("transversal electrictransversal magnetic") like splitting of the field components in time. It is simpler and faster than the implicit version, introduced earlier in [1] . The numerical effort is scaled as 5/3 compared to Yee's algorithm for the same time step. But the explicit scheme allows a larger time step than the Yee's algorithm. With such choice the explicit TE/TM scheme requires only~18% more computational time. The memory demands are the same. The explicit character of the new scheme allows for the uniformly stable conformal method [9] to reach the second order convergence and the scheme can be parallelized easily.
A version of this explicit scheme for rotationally symmetric structures is free from the progressive time step reducing for higher order azimuthal modes as it takes place for conventional Yee's Finite Difference Time Domain (FDTD) method used in the most popular accelerator codes [10] .
Space discretization and matrix notation
In the following we consider a Causchy problem for the Maxwell's equations
E ,H is an initial electromagnetic field in the domain with boundary . It follows from (1) that the continuity equation holds
and the energy law is fulfilled Following the matrix notation of the finite integration technique (FIT) [11] , the Cauchy problem can be approximated by the time-continuous matrix equations on a grid doublet (
, Sb 0 Sd q , completed by the discrete form of the material relations (constitutive equations) 1 In the following the material matrices are assumed to be real and symmetric.
On Cartesian { , , } x y z -coordinate grids (like the Cartesian grid shown in Fig. 1 ) with an appropriate indexing scheme the curl matrix has a 3x3 block structure [11] : reduces to the skew-symmetric one
h e S h 0 S e q
with new "curl" and "div" operators 
System (5) is a time-continuous and space-discrete approximation of problem (1) . As easy to see [11] semi-discrete analogues of conservation laws (2) and (3) 
The next step is a discretization of the system in time. The field components can be split in time and the "leap-frog" scheme can be applied. With "electric/magnetic" splitting a well known Yee's scheme [8] will be obtained. In the following we consider alternative TE/TM schemes.
Dispersion of Yee's scheme
Suggested by K. Yee [8] , the E/M ("electric -magnetic") splitting of the field components yields the explicit FDTD scheme (E/M scheme) 0.5 0.5 * 0 n n n n e e C h j 0.5 ,
, 1 0 n n n h h C e where is the time step and the update of the electric components is shifted by 0.5 relative to the update of the magnetic components.
On equidistant mesh the scheme has second order local approximation error in homogeneous regions,
T r x y z . The scheme is stable in vacuum if the next relation [12] . 
where 0.5 / c , , 0.5
. With an equidistant mesh, x y z , a homogenous material and the time step equal to the right-hand side of inequality (8) , the scheme has zero dispersion along the grid diagonals. Hence, the zero dispersion in a desired direction can be achieved by a rotation of the mesh. However, this approach awakes limitations on discretization: the only reasonable choice in this case is to take equal mesh steps in the all three directions. The next difficulty arises with the attempt to use a conformal method [9] .
Let us consider a calculation of electromagnetic fields excited by a Gaussian bunch of RMS width which moves in the z-direction through a structure of length L . A self-field of z L In the next section we introduce a scheme without dispersion error in the z-direction. For this scheme the mesh step is independent from the structure length L and is related only to the first power of the bunch length z .
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TE/TM scheme

Implicit FDTD method based on «transversal electric-transversal magnetic» splitting of the field components in time
Let us rewrite scheme (5) in an equivalent form Applying the TE/TM splitting [1] of the field in time to system (15), the following numerical scheme is obtained
Scheme (16) is a two-layer scheme
where
We study the stability of scheme (17) by the energy inequalities method. Let us take the inner product of both sides in equation (17) The second term on the left hand side is equal to zero since the operator is skewsymmetric and, therefore, where the self-adjointness of the operator Q B A is used. The last relation allows to prove that the condition 0 Q B A ( is a positively definite matrix) Q is sufficient for the stability of the scheme.
If the matrix is a positively definite, then we can define a discrete energy as Q / 0.5 ,
and the discrete energy conservation law holds
e e e .
The stability condition can be rewritten in the form
The last condition resembles the well-known stability condition of the explicit FDTD scheme for one-dimensional problem. The maximal eigenvalue of the discrete operator However, this scheme is implicit and non-economical. The economical scheme modifications based on operator splitting were considered in [1] . In the following we introduce a new explicit scheme with improved dispersion properties in the transverse plane. Due to its explicit character the new scheme is easy parallelizable. 
Explicit TE/TM scheme in 3D
The following relations hold , , the new scheme requires only~18% more computational time than Yee's scheme. The memory requirements of the new scheme are the same as for Yee's scheme: only one vector for each field component is required.
The explicit TE/TM for rotationally symmetric geometries
For rotationally symmetric cases the Maxwell equations are reduced to equations for azimuthal harmonics. The azimuthal derivative is taken explicitly and we can use another modified operator In order to reach the maximal time step and to avoid non-diagonal material matrices we use the Simplified Conformal method introduced in [14] .
Energy conservation and stability
Energy conservation and stability condition of the implicit TE/TM scheme (8) was considered above (see [1] ). Following the same way the discrete energy for the explixit TE/TM scheme can be defined by the relation For a rotationally symmetric case it reduces to the form min( , ) z r . Note that the last stability condition does not include the azimuthal mode number . For comparison, Yee's scheme requires to reduce the stable time step [10] 
Dispersion relation of the TE/TM scheme
Following the conventional procedure [12] 
for the explicit one. Here 0.5 / c , 0.5
With the "magic" time step z both schemes do not have dispersion in the longitudinal direction.
The explicit scheme can have yet two directions in the transverse XY plane with zero dispersion. Indeed for equal transverse mesh steps 
Charge conservation
In this section we consider a discrete analogue of the charge conservation law (2) . Let us introduce a discrete divergence matrix 11 12 (28) is only a first order approximation of the continuity equation (2) . In the following we will show that a second order approximation of the continuity equation (2) 
Let us build two sums of equations (23) If we apply the operator S to these equations and use the equality , 
.
The first row of the matrix in Eq. (32) gives 
Numerical tests
The advantage of the implicit TE/TM compared to Yee's scheme was shown in [1] . Hence here we only show that the explicit scheme gives equally accurate results.
Our first example is a transverse deflecting structure (TDS) to be used in a new Free Electron Laser project at Deutsches Elektronen Synchrotron [15] . The geometry dimensions of TDS in rotationally symmetric approximation are given in Fig. 3 with the implicit (16) and the explicit (24) schemes for rotationally symmetric structures. As a next example we consider a structure consisting of 20 TESLA cells (see [15] for the exact geometry of the cavity cell) bounded by infinite ingoing and outgoing pipes with 35 mm diameter. We use the explicit three dimensional scheme (23) for this example. Fig. 5 shows the longitudinal wake potential [13] [4] . The two other lines show results obtained with different mesh resolutions from the TBCI code [16] , based on the classical Yee's scheme (E/M-2.5D). The oscillations, that appear, are due to the dispersion error of the Yee's scheme. The gray points represent the result obtained by the implicit three dimensional scheme (16) (marked as TE/TM-3D).
We have repeated the calculation with the explicit method (23) and compared the result with the accurate reference 2D simulation result (POT-2.5D). Fig. 6 shows the relative error between the wakes calculated with 2D scheme (POT-2.5D) on a very fine mesh and the wakes calculated with 3D TE/TM schemes (16), (23) on the coarse mesh. It can be seen that the explicit three dimensional TE/TM scheme produces equally accurate results as the earlier introduced implicit TE/TM scheme. The explicit TE/TM scheme does not suffer from the numerical dispersion and the mesh can be chosen quite coarse. Indeed, the three dimensional code uses only 2.5 mesh points per in the longitudinal direction. In the transverse direction the mesh steps are even three times larger.
Conclusion
An explicit scheme for the calculation of electromagnetic fields in the vicinity of relativistic charged bunches was introduced. As shown by several numerical examples the scheme is able to model curved boundaries with a high accuracy and allows for a nondeteriorating calculation of the field solution for very long simulation times. Due to its explicit character the new scheme is faster than the earlier introduced implicit one and it can be easily parallelized.
